APPENDIX A

COORDINATE TRANSFER FUNCTION

Let there be a point ‘A’ to be transferred from a coordinate system XYZ to a new coordinate system
XeYeZe.
A: (X, Y, Z) — Ae: (Xe, Ye, Ze)

As illustrated on Fig. 1C, the coordinate system XeYeZe has the same origin as XYZ but its Ze axis has
been tilted an angle er with respect to the Z axis. The direction of tilt of Ze is defined by the angle er
measured on the X Y plane.

Fig. Al. Transfer of point A from the Z (green) to the Ze (blue) coordinates.
The following equations calculate (Xe, Ye, Ze) from (X, Y, Z) and angles er and eg.

Xe = Xex + Xey + Xez:

Xex = X—Xcoser’(1-coser)
Xey = -Ycosegrsineg(1-coser)
Xez = -7 sin ercos er

Ye = Yex + Yey + Yez:
Yex = —-Xcos egrsineg(1—cos ey

Yey = Y-Ycoser’(1-coser)
Yez = —-Zsin ersin er

Ze =Zex + Zey + Zez:
Zex = -Z sin ercos er

Zey = -Zsinersineg

Zez Z cos er.
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APPENDIX B

AREA FUNCTION DERIVATION
3 SIDED TIP

Given an irregular three sided pyramid, with the three measured vectors A;, A, and A;_ find the coefficient
‘f” such that the area ‘Ar’ of the pyramid base can be calculated with the formula:

A:th2

Let a pyramid with apex at ‘O’, be defined by the height ‘h’ and base sides ‘m’, ‘n’ and ‘p’, as in Fig BI.
O is at the origin of the coordinate system XYZ. The three unit vectors A, A, and Aj are perpendicular to
the three pyramid faces. The three edges, not part of the base are vectors Vy, V, and V;.

Fig. B1 Irregular three sided pyramid.

The three unit vectors A1, A2 and A3 are known from the laser goniometer measurements. Their end
coordinates are calculated with the formulae of page 9.

A1 (Aix Ary, A1z)

Azl (A Azy, A2z)

Az (Asx, Asy, Asz)
The edges V are perpendicular (1) to vectors A as follows,

ViL Az and A;

VoL Ajand A;

V;L A;and A,
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The end coordinates of vector V are calculated with the cross product (X) of the two vectors A
perpendicular to it.

V1 = A2 XA3
V2 = A1 XA3
V3 = A1 XA2
I/] — A2Y AZZ X — A2X AZZ Y + A2X AZY 7
A3Y A3Z A3X ABZ A3X A3Y

Vl = (Azy X Aaz - ASY X Azz )X - (Azx X Asz - A3X X Azz )Y + (Azx x A3Y - A3X X Azy )Z

Similarly for V2 and V3, giving the V vectors end coordinates,
Vii (Vix Vv, V12)
Vo (Vax, Vay, V2z)

Vs (Vax, Vay, V3z)

The area Ar of the base triangle is given by,

A =rxs
where S zw
2
\/s(s —m)s—n)s—p)
and r=
S

The base sides m, n and p are obtained by subtracting the respective edge vectors V,

m=V, -V, :\/(le _VZX)2 +(V1Y _VZY)2 +(VIZ _sz)2
similarly for n=Vv,-V,=--

and p=V3—V1:---

A3



The pyramid height h is the length of vector H,

NV, +V
B 3

H

And the H coordinates,
H:(H,,H,,H,)

:V1X+V2X+I/3X

H, :
HY — I/IY +V2Y +V3Y
3
b VetV s
3
2 2 2
and h=+H,+H,+H,

With Ar and h known, the area function coefficient can be calculated:

AV
f=0
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AREA FUNCTION DERIVATION
4 SIDED TIP

Given an irregular four sided pyramid, with the four measured vectors A;, A, A;and A, find the
coefficient ‘f* such that the area ‘Ar’ of the pyramid base can be calculated with the formula:

A:th2

Let a pyramid with apex at ‘O’, be defined by the height ‘h’ and base sides ‘pl’, ‘p2’, ‘nl’ and ‘n2’, asin
Fig B2. O is at the origin of the coordinate system XYZ. The four unit vectors A;, A, Asand A4 are
perpendicular to the four pyramid faces. The four edges, not part of the base are vectors Vi, V,, V;and V..

Fig. B2 Irregular four sided pyramid.

The four unit vectors A1, A2, A3 and A4 are known from the laser goniometer measurements. Their end
coordinates are calculated with the formulae of page 9.

A (A Ary, Az
Az (Axx, Azy, Axz)
Az (Asx Asy, Az

Ay (As Agy, A

AS



The edges V are perpendicular (1) to vectors A as follows,
ViLAjand A,
VoL Ay and As
V3L Asand A,
VL Ajand A,

The end coordinates of vector V are calculated with the cross product (X) of the two vectors A
perpendicular to it.

Vi=A XA,
Vo=A; X A;
V3=As XAy
Vi=A XA,
p A Al A Ay A 4],
AZY AZZ AZX AZZ AZX AZY

Vl = (AIY X Azz _Azy X AlZ )X _(AIX X Azz _Azx X AlZ )Y+(A1X X Azy - Azx X AIY)Z

Similarly for V2, V3 and V4 giving the V vectors end coordinates,
Vi: (Vix, Vv, Viz)
Var (Vax, Vay, Vaz)

Vs (Vax, Vay, Visz)
Vi (Vax, Vay, Vaz)

The area Ar of the base quadrilateral is given by the sum of the 2 triangles of sides pl nl m and
p2 n2 m, where m is the common diagonal.

Ar =Ar1 +Ar2
Arl :rl ><Sl
A, =1,X%s,

S:m+n+p
2

where
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and r=

\/s(s—m)(s —n)s—-p)

The base sides n and p, and the diagonal m are obtained by subtracting the respective edge vectors V,

m=V,~Vy =V ~Vix V + Wy VgV +(V, =V,

2=V, ~V, =V ~Var Y + 0y =V ¥ + (7, =2,V

similarly for nl=V,-V, =
p2=V2—I/3 =
and pl=V,-V, =

The pyramid height h is the length of vector H,

NV 4V,
4

H

And the H coordinates,
H: (HstyaHz)

— Vix tVox +Vay +Vax

H, ;
bVt VY
4
HZ:V12+V22+V32+V42
4
2 2 2
and h=+H,+H,+H,

With Ar and h known, the area function coefficient can be calculated:

A

f=h§
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APPENDIX C

PRISM GAUGE NIST CERTIFICATION

A cube corner prism was submitted by Micro Star Technologies (MST) to the National Institute of
Standards and Technology (NIST) for measurement and certification as a traceable gauge. The prism is one
of the gauges used to verify the calibration of MST’s laser goniometers.

PRISM SPECIFICATIONS

Supplier Edmund Optics of Barrington NJ
Description Cube Corner Tetrahedral Prism
Size 50mm

Material BK7

Surface Accuracy 1/10 A

Angle Tolerance 3 arc seconds = 0.00083°

MST number TC1023

NIST CERTIFICATION

On August 2006 NIST measured the prism and provided a report describing their procedure and the
certified angle values, which are shown highlighted on Table C1.

NIST test number 821/273748-06

Date 8/25/06

Standard deviation 0.1 arc seconds = 0.00003°
Measurements uncertainty 0.45 arc seconds = 0.00013°
MST MEASUREMENTS

Table C2 shows 8 sets of measurements taken with the MST laser goniometer. The table is explained in
detail starting on page 6.

NIST AND MST DATA COMPARISON

On Table C3 the two sets of data are compared. MST data is highlighted in blue and NIST data in yellow,

as well as their difference to the nominal values. The last row (12) shows the difference or discrepancies
between the two sources.
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A B C [ D E [ F [ G [ H [ | [ J [ K [ L [ M N [ [¢] [ P Q R
1 3 SIDED INDENTER MEASUREMENTS AND ANALYSIS NIST DATA
2 SERIAL. #: TC-1023 DESCRIPTION: CUBE CORNER (TRACEABLE GAGE) INI: NIST DATE: 2/18/2007
3 MEASURED VALUES CALCULATED RESULTS
T TILT ANGLES ROTATION ANGLES E ANGLES E TILT ANGLES E ROTATION ANGLES FACE TO FACE ANGLES AREA FUNCT. AREA FUNCT.E
5 aq a az by, b4z er €er Qeq Qe Qe3 be12 be13 C12 C23 C31 f fe
6 |NOMINAL VALUES: 35.264 35.264 35.264 120.000  240.000 0.000 35.264 35.264 35.264 120.000 240.000 90.000 90.000 90.000 2.598001 2.598001
7
g NIST DATA: 35.273 35.250 35.270 120.008  239.986 0.015 152.435 35.259 35.263 35.270 119.998 239.992 90.009 89.993 89.998 2.598060 2.598060
o |DIFF FROM NOMINAL: 0.009 -0.014 0.006 0.008 -0.014 0.015 -0.005 -0.001 0.006 -0.002 -0.008 0.009 -0.007 -0.002 0.000059 0.000059

TABLE C1. NIST DATA AND ANALYSIS




A B C [ D E [ F [ G [ H [ | [ J [ K [ L [ M N [ [¢] [ P Q R

1 3 SIDED INDENTER MEASUREMENTS AND ANALYSIS MST DATA
2 SERIAL. #: TC-1023 DESCRIPTION: CUBE CORNER (TRACEABLE GAGE) INI: BM DATE: 2/18/2007
3 MEASURED VALUES CALCULATED RESULTS

T TILT ANGLES ROTATION ANGLES E ANGLES E TILT ANGLES E ROTATION ANGLES FACE TO FACE ANGLES AREA FUNCT. AREA FUNCT.
5 aq a; ag b, b3 er er Qeq Qe Qe3 be12 be13 C12 C23 C31 f fe
6 |NOMINAL VALUES: 35.264 35.264 35.264 120.000  240.000 0.000 35.264 35.264 35.264 120.000 240.000 90.000 90.000 90.000 2.598001 2.598001
7 |[MEASUR 1 35.271 35.248 35.285 119.995  239.977

? 2 35.290 35.248 35.269 119.994  239.991

? 3 35.285 35.265 35.262 119.992  239.969

1_0 4 35.271 35.256 35.273 120.008  239.975

7 5 35.279 35.253 35.263 120.006 = 239.996

; 6 35.280 35.261 35.261 119.999  239.979

I 7 35.271 35.256 35.277 120.008  239.980

: 8 35.283 35.250 35.277 119.992  239.995
15 9

z 10
17 |AVERAGE: 35.279 35.255 35.271 119.999  239.983 0.015 143.489 35.267 35.268 35.269 119.989 239.987 89.996 89.993 89.995 2.598787 2.598787
1g |PIFF FROM NOMINAL: 0.015 -0.009 0.007 -0.001 -0.017 0.015 0.003 0.004 0.005 -0.011 -0.013 -0.004 -0.007 -0.005 0.000786 0.000786
19 |ST-DEV: 0.007 0.006 0.009 0.007 0.010
20 |UNCERTAINTY (X2): 0.005 0.004 0.006 0.005 0.007

TABLE C2. MST DATA AND ANALYSIS




A [ B C [ D E [ F [ G [ H [ | [ J [ K L [ M N [ [¢) [ P Q R
1 3 SIDED INDENTER COMPARISON
5 SERIAL. #: TC-1023 DESCRIPTION: CUBE CORNER (TRACEABLE GAGE) INI: BM DATE: 2/18/2007
3 MEASURED VALUES CALCULATED RESULTS

T TILT ANGLES ROTATION ANGLES E ANGLES E TILT ANGLES E ROTATION ANGLES FACE TO FACE ANGLES AREA FUNCT. AREA FUNCT.E

5 a, az ag by bys er er Qe Q2 Q3 be12 be13 C12 C23 C31 f fe
6 [NOMINAL VALUES: 35.264 35.264 35.264 120.000 240.000 0.000 35.264 35.264 35.264 120.000 = 240.000 90.000 90.000 90.000 2.598001 2.598001
7 MST: 35.279 35.255 35.271 119.999  239.983 0.015 143.489 35.267 35.268 35.269 119.989  239.987 89.996 89.993 89.995 2.598787 2.598787
8 NIST: 35.273 35.250 35.270 120.008  239.986 0.015 152.435 35.259 35.263 35.270 119.998  239.992 90.009 89.993 89.998 2.598060 2.598060
9
10| MST DIFF FM NOM. 0.015 -0.009 0.007 -0.001 -0.017 0.015 0.003 0.004 0.005 -0.011 -0.013 -0.004 -0.007 -0.005 0.000786 0.000786
11| NIST DIFF FM NOM. 0.009 -0.014 0.006 0.008 -0.014 0.015 -0.005 -0.001 0.006 -0.002 -0.008 0.009 -0.007 -0.002 0.000059 0.000059
12 MST - NIST 0.006 0.005 0.001 0.009 0.003 0.000 0.008 0.005 0.001 0.009 0.005 0.013 0.000 0.003 0.000727 0.000727

TABLE C3. MST AND NIST DATA COMPARISON






